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I P I. INTRODUCTION

Since the l970’s, Geometrical Theory of Diffraction (GTD) solutions
have been applied to compute the radiation patterns of aircraft antennas
[1-7]. These solutions have been used along with the principle of red-
procity to analyze the surface current and charge density induced on air-

• craft [8—9]. These previously developed solutions were employed to compute
I surface current and charge densities for aircraft in a free space environ—
L . ment; however, there Is a need for this information when the aircraft Is

closely coupled with other structures. For example, the surface curren t
and charge density induced by a pl ane wave incident on a parked aircraft.

The object of this study Is to anal yze the surface current and charge
density Induced on a finite cvlincfer situated above a perfectly conducting

• ground olane due to an incident plane wave. This geometry can be used
to investigate the mechanisms involved in the parked aircraft problem
and other similar problems.

- The basic approach taken in this study is to employ the Geometrical
L Theory of Diffraction (GTD). The GTD requires that the object be large

- .  in terms of wavelength such that various scattering centers are separated

1 by at least a quarter wavelength. Therefore the solutions for surface

- 
current and charge densities are applicable for frequencies down to around

[ 50 MHz for l arger aircraft structures. The induced surface current den-
sity is given by J = 2n x H where n is a unit normal to the surface and

• 
is the Incident magnetic field intensity on the cylinder surface. The

Induced surface charge density Is given by p = 2cn x E where c is the
-. permittivity of the surrounding medium and V is the incident electric
a. field intensity on the surface. Using reciprocity, the electric surface

current on a perfectly conducting aircraft surface can be determined from
the radiation patterns of two mutuall y orthogonal magnetic current moments
which are located tangentially on the aircraft surface at the point where

L the current Is desired [R]. The electric charge density induced cn the

1.

1

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~i~~:; ‘i T~~
’
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--~~ ~—



aircraft can be simi larly obtained from the radiation pattern of an in-
finitesima l electric current moment located along the normal to the air-
craft surface at the desired observation point.

The Geometrical Theory of Diffraction solution used in this study
Is described in Chapter II. In Chapter III the two dimensional wavegulde
problem is considered. The GTD solution is compared with a modal type
solution to show where the GTD ray picture Is valid. Chapter IV describes
the principal plane scatterinq from a cylinder in the presence of a per-
fectly conducting ground plane.

Chapter V presents a technique for partially correcting caustics which
occur in the solution oresented In Chapter IV. A sumary of the present
study and discussion Is given in Chanter VI.
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II. THEORETICAL BACKGROUND

A. Introduction

The basic technique used in this study is the geometrical theory of
diffraction (GTD). The canonical wedge diffraction geometry is illustrated
in Figure 1. In the format of Gb , the total electric field is given by

-~ —~i —~r —~dE = E  + E  + E  . (1
~

The field ~ is the electric field directly radiated by source , the field
-~r is the electric field reflected from the wedge, and the field -~d is
the electric field diffracted from the edge of the wedge.

OBSERVATION LIT REGION
POINT — . SOURCE

REFLECTION ~~ — ----—_~. ..L POINTSHADOW
BOUNDARY —

— Er
d

‘P.O

P1.-lb

•r,

a.,
,

a,
‘
I

a,
SHADOW

INCIDENT REGION
SHADOW

BOUNDARY

Figure 1. The basic GTD wedge diffraction problem.

• The structures used in this report are assumed to he perfectly con-
ducting and the surrounding medium Is entirely free søace. All fields

• carry an exp (j01t) time dependence which is assumed and suppressed.
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B. Geometrical Optics Fields

The incident electric field , ~~~ can be generated by an arbitrary
electric or magnetic source producing plane , cylindrical or spherical waves.
In this study, electric or magnetic current moments producing spherical
waves are used along with the reciprocity theorem to model surface cur-
rent and charge density. The far field pattern of the source is written
as

-jks
= [eF(e,~

’) + IbG (A ,lbij e (2~

where F(9,d~ and G(e,~ are source pattern functions and s is the distance
from the source to the observation point.

The reflected electric field from a perfectly conducting curves sur-
face, as shown in Fi gure 2, is expressed as

= E (Q). e~~~ (3)

where E
~
(Qr) is the incident electric field at the point of ref lection

The dyadic reflection coefficient ~~
‘ is given by

~~= e ~~e~
’- e e .  (4)

The unit vector ~ Is the vector perpendicular to the plane of incidence
anti the vectors and ~ are the Incident and reflected unit vectors par-
allel to the plane of incidence. The plane of incidence is defined as
the plane containing the incident ray and the normal (~ to the surface
at the point of reflection. The point of reflection , 0r’ Is located using
the laws of reflection which state that the angle of Incidence equals the

-

• 
4
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Figure 2 • Reflection by a smooth convex surface.

angle of reflection and also the incident , reflected, and surface normals

are coplanar. These l aws can be expressed mathematically as

~~~~~~~~~~~~~~~~~ 
(~ )

and

I x n = s x n . (
~ )

The above unit vectors are illustrated in Figure 2. The parameters p
~
’

and p are the princinal radi i of curvature of the reflected wavefront
at the reflection point. Kouvoumjian [1nJ gives a procedure for finding
the radii of curvature h•v diagonal izing the curvature matrix of Deschamps
Ill I for the reflected wavefront. Let the wavefront be incident on a curved
surf re at the point Or aS shown In Fiqure 

~ 
and e2 are 

-



the unit vectors in the principal directions of the surface at with
r1 and r2 being the two principal radii of curvature. The principal radi i
of curvature of the reflected wavefront as given by Kouyournjian [10] are

= + ~~~_
‘

~~~ 
cose 1 

[0~ 2 + 
~i2 + 

O
~ 1 + 

~~ 
j

~~ 2 
2~~~ 4) 

~ 
~2 

2 2 2 2
+ 

1J(L. - !,~~ +(~L - 1 \ 4cosB 1 { ~22 - ~l2 + ~?l - A11
1 i i  1 1 1  2 r r

~21 ‘~i ~2) I°I 1 2

+ 
4co: 2& 

[(0~2 
~r~~

2 + r; 
A 2 

)

2 
- 

4 le I 2]~

The plus  s ign in the above equation is associated wi th p
~ 

and the minus
si gn wi th  4. Also

• OJk = X  .ek (8)

• Ie I  = @11 ~~ 
— 012 ~2I (9)

The unit vectors and are the principal directions of the incident
wavefront at 0r~ 

The unit vectors X~ and are the principal directions
of the reflected wavefront and are found from

[(Q~2 - 
L) x~ - ~i2 

X2]
• ~r

Ar 
i~~ 2 

ir~~~ 

+ (Q~2)2

X2 — —  s x X 1 (10)

= - 2 (
~~~

. X1 2 )~ (11)
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F _ _ _ _  ________

and

. 2  2
= + 2cos e1 

!i.~ + (12)11 1 2 r r
Pi le l -

r — 2cose 1 022 01.2 
+ 
011 O~— — 

i~ i 2 r1 r2 (13)

r _ 1 
+ 2cos8 . o 2 e 2

2 . (14)
• 2 10 1 r1 r2

C. Diffraction By a Wedge

An asymptotic solution for the diffraction from a conducting wedge
was first solved by Sommerfeld [12]. Orig inally plane wave diffraction
coefficients as presented by Keller [13] were used as the basis for the
GTD solution. However, as shown in Reference [1.4], the use of cylindrical
wave diffraction is necessary for antenna applications. Thus , different

formu l ations for wedge diffraction were substituted for the plane wave
diffraction coefficient which is the basis for wedge diffraction theory.
Pauli [15] introduced the VB function as a practical formulation for a
finite angle conducting wedge. Hutchins and Kouyoumji an [16,17] have pre-
sented a formula for the diffracted field which significantly improves
the accuracy of the solution over that obtained using Pauli’ s form. This
improved solution provides superior results in the transition regions (near

• the incident and reflected shadow boundaries).

The three—dimensional wedge diffraction geometry is depicted in Fig-
ure 3. The source , located at s ’(p ’ ,q~ ,z ’), generates a radiated ~ f i e l d
given by V (s ) .  The source can be an arbitrary electric or magnetic source

7
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Figure 3. Geometry for three-dimensional wedge
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I
- 

~~~~~~~~~~~~~~ .



I
causing cylindrical , con ica l , or spher ica l wave inc idence on the wedge.
The diffracted vector field at s(p,q,z) can be written in terms of a dyadic
diffraction coefficient.

Kouyoumjian and Pathak [18] have derived a more rigorous basis for
the GTD formulation and have shown that the diffracted field may be written
compactly if it is defined in terms of a ray fixed coordinate system. This
ray fixed coordinate system is centered at the point of diffraction Q’ ,
(or points of diffraction as in the case of plane wave incidence). Note
that Q’ is a unique point or set of points for a given source and observation
point. The incident ray diffracts as a cone of rays such that the cone
ha l f  angle (~~

) equals the ang le (
~~ ) which the Incident ray forms with

the edge as shown in Figure  3.

The orthogonal unit vectors associated with these coordinates (s ’,
are related by

I = — s

where I is the incident direction unit vector and S ~ S the u n i t  vector
in the direction of diffraction.

The diffracted field is, then, given by

~~~~~~~~~ 
~~~~~ 

A(s) e Jk5 (15)

9
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where
& 2.

DE
_ _ B

o~O
Ds _ 4

~~~
Dh

and

1!

if , 
~~~ +e Hcot(~~’~”~~ ‘) F[kLa (44’)]

h 2n 2lTk sinB0l(

+ cos (1 $’))F[kL (th-~ 1
)J]

• + fcot(~~~~~’)) F[kLa~~ +~’)]

+ cos
(~~~~~

’))F[kLa
~~ ÷$~)1}] 

(16)

• with

a (B) = 2cos2(21 - 

8)

+
In addition , N is the integer which comes closest to satisfying the fol-
lowing equations:

2n1TN1’ - B = + ~

2ni~N - B = -w

with

+ ~

10
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F(x) is defined by

2
F(x) = 2j x eiX f e ut d 1

-

~

and is called the transition function. The quantity n is defined by the

wedge angle WA where WA = (2-n)rr . The (~ -~ ‘) terms are associ ated with
the incident field; whereas, the (4+4 ’) terms are associ ated wi th the re-
flected field. The quantities A (s) and L are defined later.

In matrix notation the diffracted field is expressed by [1~,17]

Ed(s) -D5 0 
• 

E 1 (Q’) 
- ‘

= A(s)  e
_3k5. (17)

Ed(s) 0 _D
h E1 (Q ’)

The D5 coefficient corresponds to the p-field component parallel to the
edge with the (acoustically soft) boundary condition

El Wedge =

The 0h coefficient corresponds to the f-field component perpendicular to

the edge with the (acoustically hard) boundary conditions

- O
Wedge

The quantity A(s) in Equation (17) is the ray divergent factor given
in general by ~O]

A(s) [s(p~s)

Li
11 

11
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For the straight wedge case pu ’ p~ , where p~ is the radius of curvature
of the incident wavefront In the plane containing the incident ray and
the edge. For spherical wave incidence A(s) is g iven by - •

A(s ) 
zj s1s~+sJ

The quantity L is a distance parameter and is given In general by

~OII
s( p +s )p p sln 2B

= 

~~~~~~ 
(p2+S)

where and p2 are the principal radi i of curvature of the wavefront.
• For a straight edge, L is given by [10]

L = ~~ s1n 28 0
S+s ’

for spherical wave inc idence.

For grazing incidence (~ ‘=O) D5=O, and Dh must be halved since the
incident and reflected fields merge together and only half of the total
field on the surface Is associated with the Incident field with the other
half being the reflected field .

D. Curved Wedge Diffraction

The diffracted field due to a curved wedge Is analyzed using the GTD
techniques developed by Kouyoumjlan and Pathak [1t~ . The diffracted field
from a curved wedge, as seen in Figure 4 is expressed by

td(d)_ t1(Q ’)  • DE(s ,I)j
~-(-P~s) 0-iks (19)
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Figure 4. Geometry for three-dimensional curved
wedge diffraction.
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The quantity p Is the caustic distance between the caustic at the edge
and the second caustic of the diffracted ray. This can be found using a

~ .(1-s)
2 20)

a s in 8e o

where 
~
1e is the unit normal to the edge directed away from the center of

curvature of the edge at the diffraction point and ae > 0 is the radius
of curvature of the edge at Q’ . The quantity p~ Is the radius of curva-
ture of the incident wavefront in the plane of the incident ray and tan—
gent to edge at Q ’ .

The diffraction coefficients for the curved wedge case are similar
to those of the straight wedge In Equation (16). The only major modifi—
cation necessary for the curved wedge case is the distance parameter L,
which appears in the argument of the transition function. The diffraction
coefficients for this case are given by

2sin(14 F kL1 a(~-4’)e n 
+

~ 2nJ~~k 5mB 0 cos(~ ) - cos(~.?L )

÷ {cot(~1~~
4”)) F[kL rna+($+.t)] +

+ cot( ~
“
~ ‘))F[kL

”o a(4Yf4
~
’
)]}I (21)

In which a(y) = 2 cot2y and a~~~) = 2cos~ ~~~~~~ ) . The incident field
distance parameter Is expressed by

I l  i i
= 

5’
~e’~~ 

p107 sin?8
f j  

o__

~~~~~~~~~~ 
(22) 
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1.
The reflected field distance parameters from the surface with superscript
o (reflection boundary at n-~ ’) and from the surface with superscript n
(reflection boundary at (2n—1)w— ~’) are given by a

5(~r+5) ~r~r sin28
Lr = r

e
r r 

0 
(23)

Pe(PI+5)(P21~
S)

The parameters p~ and 
p
~ are the principal radii of curvature of the in-

cident wavefront at the point of diffraction. For plane, cylindrical ,
and conical waves p

~ is infinite and for spherical waves p~=s’. The pa-
rameters p~ and 

p
~ are the principal radii of curvature of the reflected

wavefront at Q’ and can be found using Equation (7).

U
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III. CURRENT DENSITY INDUCED UPON A
TWO DIMENSIONAL WAVE Gt JID E

A. Introduction

In this chapter the two dimensional wavegulde and open resonator prob-
lem is investi gated. The desired goal Is to show where a simple ray pic-.
ture Is valid when compared with a more general modal solution.

B. Waveguide Mode Analysis

The geometry for the waveguide mode analysis is shown in Figure 5.
In this section the radiated field from the parallel plate aperture is
obtained by superposition of the diffracted fields from the edge due to
each propagating mode. Rudduck and Tsai [19] have shown that this method
yields answers which agree with a W lener—Hopf technique and experimental
results. The wavegu lde spacing determines the number of propagating modes
which exist in the waveguide. If the waveguide spacing is “a” then the
m-th propagating mode has a propagation angle 

~~~ 
defined by

i ~~~~ _ nlA
L >  sun v7m

_
~~

~~ m
“ ‘ ~ ~~~~~~ max X

The diffracted field for one mode can be expressed using Equation
(15) as

i e
_j k

~’u = u ~ 0z=t

where r 
~

) Is the distance to the far field observer and given by

r = - d l and t is a vector from the origin to the point of
diffraction.

16
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OBSERVATION x
POINT A

• >v(\<~~~~~~~~~~~

Figure 5. Parallel plate geometry.

The parameter 0 is the plane wave diffraction coefficient obtained from
Equation (16). The incident field u 1 can be written as the sum of two cros-
sing plane waves in the waveguide. For the transverse magnetic case

~ 
—jk(zcose +xsin0 ) —jk(zcose —xsin e )

H =— ie m +e m m ]
y 2 L

1 —jk(zcose +xsinQ ) -jk(zcose —xsine
E
~ 

= 
~ 

zocosOm [e 
m m 

+ e m m

1 —j k(zc os~ + xsine ) —jk(zcose — xsine )
= 

~ Z 0
Sifl 0~~ [~ 

m 
+ e m m

(25)

At the edge of this waveguide, z=t and z=a,

-jkt cose
H = e  m

-j kt cose
= zocosem e 

m

E2 = 0 .  (26 )

I ’ & 
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For the transverse electric case 
- -

1 .-j k(zcosO + xsin0 ) —jk(zcose — xsin0 )m m + e  m m ]

H = 
COSOm 

fe~~
I
~~~

05Om + xsin0m) 
— e~~~~

c050m — x sinem)
jx z0

sinO 
~

j k(zcosem + Xs IflOm) -j k(zcos0 — xsifl8m) a.
= m [e - e m 

] (27)

and at z=t and x=a ,

Ey = O

H = 0

~ 
—jkt cosO

H 
S f l m e m (28)

z z0

The total field is found by summing in the far field the individual
diffraction components due to each propagating mode in the waveguide. Using
reciprocity this wil l yield the surface current or charge induced upon
the waveguide walls due to an incident plane wave (see Chapter I).

The waveguide mode anal;sis becomes a numerical accuracy problem when
the plate spacing is l arge in terms of wavelengths. As the plate spacing
is increased the number of propagating modes increases (see Equation (24)).
For large plate spacings the GTD solution described in the next section
is more accurate as will be seen later.

C. GTD Parallel Plate Solution

The GTD solution for the parallel plate geometry is valid when this
plate spacing is l arge in terms of wavelengths. The total electric field
is gi ven by

4
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= ~i + E” + ~m n~~
where m is the number of bounces off of the ground plane the reflected ray
from the source makes before reaching the far field and n is the number
of bounces which occur before a reflected ray strikes the edge.

The incident field from the infinitesimal source located in the wave—
quide is shadowed by the waveguide geometry for all far field observation
directions except for = 00 (see Fi gure 5). The reflected field com-
ponents are found using image theory with only one image being visible
for a given range of Given the desired image is located at
-2a(n - -~)x + O.z. The integer n can be found from

2a(n— 1) 2an<~~a n O  <—

which implies

tanG
n < r~~ 

+ 1  (29)

where

2ar

The reflected field can then be written as

-~ 2m— 1 —jk2amsine —jkr
E = R e p (30)

where R=1 for H-field parallel to the edge ar~c1 R=-1 for E-field parallel
to the edge.

The diffracted field is composed of a sum of diffraction terms which
are generated by the Image sources as in Fi gure 6. Given by

• 19I LI
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Figure 6. Imaqe locations for the parallel plate geometry.
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where 9~ is a vector from the origin to the point of diffraction.

D. Results

Figures 7 throug h 24 compare the GTD current solution with the modal
current solution for various waveguide spacings , ~, and distances from
the waveguide aperture , t, as defined in Fi gure 5. The parameters a and
t are varied independently from 0.2 5X , 0.50X , 1.OX , 2 .OX , 5.OX , to 1~O.0X .
Fi gures 7 throug h 15 are for the H-field parallel to the edge or the TM
waveguide mode , while Fi gures 16 through 24 are for the H— field perpendic-
ular to the edge or the TE waveguide mode. Each polar plot fixes a, t,
and the polarization and varies 0

~,
, the ang le of incidence of the incoming

unit p lane wave , is varied from 00 to 900.

The agreement between the GID and the modal solut i on increases as
the wavequide spacing increases. As the spacing is increased more Dropa-
gatinq modes can occur in the waveguide which increases the accuracy of
the GTD ray picture. For the H-perpendicular case with a=0.75X or a=0.SA
and propagating TE modes exist in the waveguide (see Equation (2fl ) so
no modal solution is presented in these plots . The effect of no propa-

gating modes for this case is indicated in the GTD solution by the field
strength being very low for these cases.

The agreement between the GID and the modal solution lessens as
approaches 90°. This effect is due to the GTD solution approaching a caustic
since the number of ray terms is approaching infinity as can be seen using
Equation (29) with O~ = 900.

Fi gures 25a through 30a show the z current magnitude in dB p lotted
for the H-parallel case normalized to the incident f ield or pJ

~I/ lH ’yl .
Figures 25b through 3Db show the y current magnitude in dB for the H-per-
pendi cular case normalized to the incident field or IJ~I/I-H ’cose~x + H1

sin0~z~. On each plot in this section the waveguide spacinq , a, is fixed
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and the di stance from the aperture , t, is varied continuou sly from 0.3
wavelengths to 10.0 wavelengths for four different values of plane wave
incidence angles , ~~ The ang les, ~~ occur in five degree increments
starting at either 00, 15°, 300, 45°, 600, or 75°. In the H-perpendicular
case for a=O.25 waveleng ths and a 0.5 wavelengths the waveguide is in the
cutoff region. This can be seen in the plots by the low level of current
indicated in Fi gures 43 and 44 and by the exponenti al decay of the current
away from the aperture as seen in Figures 45 and 47. As stated before
the current value presented in Fi gures 25 through 60 become less accurate
as app roaches 90°.

22

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  1~~~~~~ T L  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _



f l -~~~~:

---MODAL .

1~ _ _ _  __  _ _ _

c

~~~~~~~~~~~~~~~

3O

~~~

O ;I

,

O

H—PA~~ LLEL H— PRBRLLCL
f~=O.2S x T =0. 25 )~ A = O. 25X T =O . SOx
N0AMA LI~ED TO N0RMALI~ ED TO

• — 0.0012DB —0.001605

I

__ 
-

- / ~~~~~ r ~~

/ - 

~ I 
/ 

-
~ ~~~~~~~~~~

• / /
/
_ \ I / ~~ 

/ ./
_ \ / “ \\

~~~~~ 
~~~~ 

& /~~~~~~ 
•\~

_ 

~~~~ e

~~J±L~~~~~~~~~~a~~~~~~~uii ( ( i �~ c>flii
~~~ ~

y
~J /1

H—PAR ~1LLEL Il-PABALLEL
A = O .25x T —1 . 0O x  R~’O .2 5x T — 2 .O0 X
NOBMAL IZED TO NOAMALIIED TO
-0.0012DB —0 .001205

Figure ‘ . H,, In the wav::uide for a=0.2~ wavelenqth .

L
• 1!



GTD

7

/
’ ———MODAL

H—PARALLEL H—PARALLEL
A—O .25x T—5.O0~ A—O .25~ T— 1O.O~NORMALIZED TO NORMALIZ ED TO

0.2070 05 0.2889 DB

• 
-•-----

--—— —
~-

— —~~~ 
•
/
/

I
~~~~ H—PARALLEL H—PARALLEL

• A — O.5 0x T— 0. 2 5x A — O. SO x T — O . 5OxNORMALIZE D TO NORMALIZED TO1.3207 06 2.8t~26 08
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LV. CURRENT AND CHARGE DENSITY INDUCED ON A

CYLINDER ABOVE A GROUND PLANE

A. Introduction

The geometrical theory of diffraction as discussed in Chapter II is

applied to the cyl indrical geometry illustrated in Figure 31 • The restric-

tions applied to this mode l are that the source must be located at least

one fourth wavelength away from the cyl inder en dcap an d the separat i on
between the ground plane and the cylinder must be l arge enough so that

the waveguide mode nature of the field does not predominate (see Chapter

III). For patterns in the x-z plane the electric field is given by

-
~ -~r -~rE = E  + E +~ En

where m is the number of bounces off of the ground plane as the energy

propagates from the source to the far field receiver and n is the number

of bounces which occur before the reflected ray strikes the edge.

B. Geometrical Optics Terms

For patterns in the x-z plane of Fiqure 31 the incident field term

is shadowed by the cylinder. The refl ected field term is similar to the

reflected field gi ven in Chapter I I  in that Equations fl) through (14)

are applicable. The reflected field must be modified , however , to take
into account the reduction In field strength due to reflections off of

the cylinder which defocuses the reflected field energy. This effect can

be seen using Equation (3)

Er(S) - E 1 (Q ) - 
~~ 

— ~~~~r r
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The reflected field caustic parameters 4 and 4 are found usin g Eq uations
(7) and for the cylindrical geometry reduce to

r I
p 2

r1p~ = 
r1p~

r1+2p1cosO 1 r1+2~1sino~

where r1 is the radius of curvature of the cylinder at the point of re-
flection.

For a single reflection off of the cylinder , one obtains

i I , 2a2s = _____

r(1) 2s ’r1
0 1 = r1+4s’sin~~

r, lt
= 2s’

and

E
r (s)  = e~~

k25 ’ 
12s

, p1
(1) 

e ik5

(2S .+S)(0
r ( l ) ~

5)
In the far field 1

Er(s~ = e i~
5 ’j~~ i~ ~~~~

Sc

L
— -

~~~~~~~~~~~
-

~~~
--• ~~~~ 

- . - - _~~~ = ~~~~~~~~~~~~~~~~~
--—- -- --



In general the effect of m bounces off of the cylinder on the reflected
field is given by

E
r
(S) - e~~ S+2mS ’)j (1)j  

(1)+2I ~~~~(2) + 2 ,  
*

r(m)
01 1

- rim J•~ 
I r,m~• 

— 
‘+2s ’ J (s+2ms ’)(s+01’ ‘)

• which reduces to

r(1) J r(2) r(m ) jk
Er(s) = , j  ~ - . 1 e ~ e uI

~
l 1  (32)S r(1~ r (m ]) SJ o 1 ‘+2s’ P~

r,
in the far field . The quantities Pj and are given by

r(fl 2s’r1
r +45’sine1 p

and
r,~~iir1~~ r1(p1’ — 

‘+2s ’)

f o r 2 < L < m .  (34)
r1+2101 

- 

+2s’lsinO

C. Diffracted Field

The diffracted field is given by Equation (19) as

= 
~~~ DE(;,r) 

J~ r~+s
-j e jk5.

- 
-

: 

~~~~~~~~~~~~~~~~~~~ •J •~~~— •  ~~~~~~~~~~~~~~~~~~~~~ 

_
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In the above equation E1(Q’) is the reflected field incident upon the edge
of the cylinder. The parameter p is given by Equation (20) and reduces
to

p~~r1
r1-I-o1(sin4~’+sinO~)

The dyadic diffraction coefficient DE is given by Equation (21) with L1

= L~
n = LrO = 

~4. For the principal plane patterns taken in this report
it is sufficient to include only the diffraction from the point on the
wedge located at x=—r1, z=t in regions away from caustics.

D. Results

The procedure described in this chapter assumes that the diffraction
off the endcap is dominated by the prin cipal point of diffraction located
at x r 1, y0., zt. This assumption is usually valid if the other points
of diffraction are separated fran the principal diffraction point. If
these diffraction points are sufficiently close together a caustic field
can occur yielding an erroneous result. These caustics become more of
a problem as the cylinder radius is decreased. The results for this sec—
tion are included with the results gi ven in Chapter V. Chapter V describes
a technique which can be used to partially correct these caustics caused
by closely spaced diffraction points around the endcap of the cylinder.
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V. CAUSTIC CORRECTION

A. Introduction £

Due to the l arge number of rays necessary to obtain a GTD solution
to the cylin der mode, there is a good possibility of introducing caustics

into the pattern. These caustics occur when three diffraction points on
the endcap become close to each other. These caustics can be partially
corrected using the method of Albertson , Balling, and Jenson [20].

B. Theoretical Section

Using the equivalent current techni que[21] the diffracted field can
be expressed as

• -jkd 2~ .

E(o, ~ ) = d f
0 

G(4 ’) e 3 d4 ’ (35)

for the cylinder endcap. The function h(q ’) is the distance from the source

j  
to the edge referred to the far field illustrated in Fi gure 12. If the
points of diffraction are separated then the integral may be evaluated
by standard stationary phase techni ques ~22J to yield

_ _ _ _  + iT• E 2 —j kn(4 I )—j ~ -j kd

~~ Jk ““
~~n~ 

G( 4 ~ ) e n e 
d (3~)

where Ili, Is a stationary or diffraction point. The above equation is equiv-.
alent to Equation (15).

If the field is in a caustic region near a cusp of caustics, i.e.,
near a region where three diffraction points coalesce into one, then h’(4~)

~ h” (4~) h”($~) = 0 and h($’) can be approximated by
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Fi gure 32. Geometry for the caustic correction procedure.

h(~~’) h (~~~) + ~ h”(~~ )(~ ’ -4~ ) + ~~~

Substituting this expression into the phase integral

= ~~~~~ ~
“e jk

~~
’) d~’

yields for h~
4
~(~~) positive

i ~ 
SQ

4 ’

~~~~~
•_ .__ - • -_ - -- ---- ---- - - - • - - - - - - ~- • _ - __ -•• - • - • _  - - - _ •- 
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h 1~~(th~) )

1/4 
D~~ (hh1 (~~)J h~

4
~ (~~ ) 

e~ 
~~~~) 

*

k h”(4~)/h~
4
~ (4~) -

i
The function D (t e )is the parabolic cylinder function and is ap-

proximated by [23]

D 1 (t e ) = 1.215280214y1(t) — O.581368317y2(t)
-

~~~~~

with

4 8
t = - 4~ ~~ 

+ 
~~~ 3*4*7*~

and

i _____y2(t) = t e ~ 1 - 
~ 

+ 7 4*5*~*9 
- 

- -I)  -

The maximum possible error due to including up to the ei ghth order term
• in the paraboli c cylinder function is less than 1% for It~~r2

The above result may be expressed as a caustic correction factor,
c, used to multiply the GTD solution in a case caustic region. In a region
where there are four diffraction points and h4(.p > 0

1 (ae

c =  
-

~~~~~

2 (37)
iT

e + 2 e
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r --_ _

w i t h  a = ~~~~~~~~~~~~~~~ In the region where there are two diffraction
points and h ~ (4~) > 0

J~~D 1(~~e~~~)

c -  
2 (38)

~~~~~~~~~

For h~
4
~($) < 0 the complex conj ugate of the correction factors should

he used. A distinction between central and noncentral rays must also be
made in the case where four rays are present (see Figure 33). If the ray

is noncentral then h” (th’) is replaced by -2 h” (~ ’) in evaluatin g a. Non—
central rays can be recognized if h”(&

~
) * h (

~~) > 0. For the central
ray if h” (~~) * h~

4
~(4~ ) < 0 four rays are present and if h”(&,~,) * h~

4
~

(
~~) > 0 two rays are present. Note that the parameter a can he used to
check if a caustic field is present. If a<2 then a caustic effect is present
and if a>? then the caustic effect is negligible and c may he approximated
by one.

For the geometry illustr ated in Fi gure 27

h(4 ’ )  = - r1sin O~ cos(~-~ ’) +~~[f

• r1(x cos~t, ’+y sink’)h” ( q ’ )  = r1sir~~ cos(~ ’ — + 
x S

r1(xsir* 
‘ -

~~~~~~~~~~~~~~~~
‘ )

- 

(t ) 3”2

(4) ri (x
~
cos.’+y

~
sin

~
’)

h (~ ‘)  - r1sine cos( 4, ’ —q, ) - __________________

- - •TT --
~~~~~~~i _ -  ---- --~~~ -•- -
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r
I =Jx~+y~+z~ +r~-2r1x5cos4’~ 

- 2r1y5sin~ ’

C. Resul ts

F4 gure 34 an d 35 show the effect of the caus ti c correct i on on a f ive
wavelen gth rad i us cyl inde ~ located one wavelength above the ground plane.

Since only the principal point of diffraction is used in the caustic cor-

rect i on , the current  level i n t he caust i c re gi on i s sl ig ht l y below the
level expected in the region where three diffraction point s are present.

The effects of the other two di f frac ti on po ints cannot he inc lu ded s i nce
they wou l d he di f frac ted rays wh i ch are launc hed as cree pi ng waves alon g

the cyl i n der. A solut i on for th i s type of ray is not currently available.

Fi gures 36 through 71 follow the same format as Figures 2~ through
30 i n presen ti n g the i n duce d cu rrent on the cy linder , except that the cy—

• u n der radius is varied from 0.25A , 0.5X , 1.Ox , 2.0x , 5 .OX , to i0.Ox .
Fi gures 36a throug h 71a show the axial current density in dB normalized

to the i nc id en t p l ane  wave or 1~ z 1 / IH ’y I .  In F i gures 36b throu gh 71b the
surface charge density is plotted normalized to the incident plane wave
or IoI/kE cose~x-~E sine~zI In F i gures 36c through 7lc the circumfer-
en tia l curren t dens i t y is presented normalized to the incident p lane wave
or IJ~I/ I_ H 1cosO~x+H’sino~z .  The caust ic corrected solution is used for

all these computations in that it provides the most accurate results.

The caus ti c prob l ems become more pronounce d as the cy l inder radius becomes

smalle r. When the radius is ten wavelengths the solution is very similar

to the parallel plate waveguide as expected. The current solution becomes

less accurate as the plane wave incident angle , app roaches 900 s i m i lar
to the parallel plate waveuide solution. This effect is reduced somewhat
due to the reduced energy of the rays after bouncing several times off

~f the cylinder surface.
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Figure 34. Current plots without caustic corrections.
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Fi gure 35. Current plots with caustic corrections .
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Figure 57a. Axi al current density with a=2.0 wavelength
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Figure 57b. Surface charge density with ‘.0 wavelength
an d r1/a=1.0.
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Figure 5Pa. Axial current density with a=2.0 wavelength
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V VI. CONCLUSIONS

The object of this research has been to analyze the surface current

and charge density induced on a perfectly conducting cylinder situated

above a perfectly conducting ground plane by an incident plane wave. This

model can be used to simulate a parked aircraft on a runway or other simi l ar

structures. The basic approach used in this study has been to apply the
Geometrical Theory of Diffraction to analyze this problem. Thus, the solu—

tion presented here for surface current and charge density induced on a

finite cyl inder above a ground plane is applicable for radii as small as

: one quarter wavelength.

In Chapter III the parallel plate aperture problem was investigated

in order to indicate where the GTD ray picture was valid and to verify

the accuracy of the solution. The GID results compare very favorably with

a modal type solution. Current densities for a variety of aperture spacings ,

and current locations along the waveguide walls were presented.

In Chapter IV the results for the cyl indrical geometry were presented.

In th is section the charge and current density were plotted as a function

of the cylinder ’s distance above the ground plane , the cylinder radius,
the incoming plane wave ’s angle of incidence with respect to the ground
p lane, and the distance from the observation point to the cylinder endcap
along the bottom of the cylinder. In general the results have shown that

caustics can appear in the solution especially if the cylinder radius is
small in terms of wavelengths. A partial correction for these caustics

was discussed in Chapter V and is included in the results. The caustic
correction procedure is not complete since using the current theory only
the principal diffraction point can be used in the procedure. 
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Incident plane waves in the principal plane were used in this study.
However, the theory can be extended to include incident plane waves out 

2

of the principal plane. There is also a need for experimental data in
~ this area to verify results obtained,
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